Abstract. Jenkins in 2003 showed that every odd perfect number is divisible by a prime exceeding 10 7 . Using the properties of cyclotomic polynomials, we improve this result to show that every perfect number is divisible by a prime exceeding 10 8 .
Introduction
A positive integer n is said to be perfect if σ(n) = 2n, where σ(n) denotes the sum of positive divisors of n. As of November 2006, forty-four even perfect numbers are known. On the other hand, it is still open whether or not an odd perfect number exists. Many necessary conditions for existence of an odd perfect number have been found. For example, Euler showed that the prime factorization of an odd perfect number n must be of the form
(mod 4).
Here p 0 is called the special prime of n. Brent, Cohen and te Riele [1] showed that n > 10 300 . Chein [2] and Hagis [7] independently showed that n must have at least 8 distinct prime factors, and this bound was recently improved to 9 by Nielsen [18] . Hare [9] showed that n must have totally at least 47 prime factors, and he recently improved this bound to 75 in [10] .
In the present paper, we focus our attention on the largest prime factor of an odd perfect number. In 1944, Kanold [15] showed that every odd perfect number is divisible by a prime exceeding 60. This lower bound was improved by Hagis and McDaniel [5] (resp. [6] ) to 10 4 (resp. 10 5 ), by Hagis and Cohen [8] to 10 6 , by Jenkins [13] , [14] to 10 7 . Jenkins reported that he needed about 25,800 hours for computing time. On the other hand, Ore [19] proved that every perfect number is a harmonic number (a positive integer is said to be harmonic if the harmonic mean of its positive divisors is an integer). Chishiki, Goto and Ohno [3] showed that every odd harmonic number is divisible by a prime exceeding 10 5 . This is another extension of the result given by McDaniel [6] . The aim of the present paper is to show the following result.
Theorem 1.1. Every odd perfect number is divisible by a prime exceeding 10
8 .
In §2 and §3, we explain our proof of Theorem 1.1. For more details, see the note on the webpage http://www.ma.noda.tus.ac.jp/u/tg/perfect.html. The programs used in the computation are also available on this webpage. In §4, we discuss our algorithm.
Outline of the proof
In this paper, p, q will denote odd primes and r will denote a (possibly even) prime. The dth cyclotomic polynomial will be denoted by
Let n be an odd perfect number whose prime factorization is p
Since σ is multiplicative, it easily follows from σ(n) = 2n that
For integers a, d ≥ 2, the integer Φ d (a) is often called a cyclotomic number. In the nineteenth century, cyclotomic numbers were studied by Sylvester, Kronecker et al.
The following proposition is a summary of their results (cf. [20] ).
Proposition 2.1. Let q be a prime, and a, d be integers. Suppose that
Then the following facts hold. (2, 6) , then the cyclotomic number Φ d (a) has at least one prime factor q such that q ≡ 1 (mod d).
Acceptable values.
Assume that n is an odd perfect number whose largest prime factor is less than 10 8 . Then the right-hand side of (2.1) has no prime factors exceeding 10 8 , hence so does the left-hand side. Since n is odd, the cyclotomic numbers in (2.1) are not divisible by 4.
Definition.
For an odd prime p and a prime r, we say that Φ r (p) is acceptable if the following two conditions hold.
(1) Φ r (p) has no prime factors exceeding 10 8 . (2) Only Φ 2 (14050609) = 2·5·7·200723 is acceptable. Since 5 ∈ X, this is contradictory to Lemma 2.3. For the complete proof of Lemma 2.4, see the online note mentioned in §1.
Four sets.
We denote by |A| the size of the set A.
A computer search showed that |P | = 5761443 and
The four subsets S, T, U, V of P are defined by
Note that these subsets are disjoint and S ∪ T ∪ U ∪ T = P . Computer searches showed that |S| = 2160618, |T | = 719983, |U | = 2144188, |V | = 496701 and Proof. These facts can be proven similarly to the paper [8] .
We define σ −1 (n) by
An integer n is perfect if and only if σ −1 (n) = 2. The function σ −1 is multiplicative, and for any positive integer e,
Assume again that n = p
k is an odd perfect number whose largest prime factor is less than 10 8 . From Proposition 2.5, n is divisible by at most three elements
. Therefore it follows from Proposition 2.5 that
a contradiction. The proof of Theorem 1.1 is completed.
Details on the search for acceptable values
From Proposition 2.1 (3), the cyclotomic number Φ r (p) has a prime factor q such that q ≥ 2r + 1, hence if Φ r (p) is acceptable, then r < 5 · 10 7 . Therefore we need to check only finitely many cyclotomic numbers, however, it is hard to directly determine whether or not each number is acceptable because of difficulty of prime factorization. The key point of the proof of Lemma 2.2 is the following lemma. The notation p e n means that p e | n and p e+1 n. (1) A direct computation showed that if 2707 < r ≤ 4723, then (10 8 ) 2 r · Q(r) < 10 6(r−1) . Hence if 10 6 < p < 10 8 , 2707 < r ≤ 4723 and Φ r (p) is acceptable, then it follows that 10
(2) A direct computation showed that if 2503 < r ≤ 2707, then (10 8 ) 2 r · Q(r) < 10 7(r−1) . Hence if 10 7 < p < 10 8 , 2503 < r ≤ 2707 and Φ r (p) is acceptable, then it follows that 10
Suppose that p < 10 2 and q 2 | Φ r (p). Proposition 2.1 (1), (2) imply that r | (q −1), and we have p r ≡ 1 (mod q 2 ) by the argument in the proof of Proposition 4.1. Hence it follows that p q−1 ≡ 1 (mod q 2 ). According to the Using a program based on Algorithm 2 in §4, we showed this fact again without Montgomery's table.
For a prime p, we define R(p) by
It immediately follows that
By directly checking each r < 5 · 10 4 , we have Table 2 . 
For a completion of the proof of Lemma 2.2, we must check r given in Table 3 for each p. We can do this by a direct search. Proof. Note that w is an integer since q ≡ 1 (mod r). Assume that p ≡ 1 (mod q).
Then it follows that Φ r (p) ≡ r (mod q), a contradiction. Hence p ≡ 1 (mod q) and
as required.
Our program is described by Algorithm 2. In the algorithm, we use Proposition 4.1 with m = 2 instead of m = 3, since we would not like to deal with large numbers.
By the improved algorithm, we will check triplets (p, q, r) in the set
which is a subset of the set given by (4. 
Concluding remarks
For the proof of Lemma 3.1, we used PARI/GP and a computer AlpherServer GS320 (CPU: Alpha21264, 731MHz) which belongs to Computing and Communications Center, Kyushu University. The computation needed about 26,000 hours for total CPU time. Since we used ten CPU's simultaneously, it took about four months. For the bound 10 7 , the same computer needed 274 hours. Using our UBASIC program and a PC (CPU: Pentium4, 3GHz), we needed 42 hours. For the bound 10 6 , we needed 11 hours using the original UBASIC program made by Jenkins, and needed 35 minutes using our UBASIC program. These data show how our improved algorithm is effective.
Our UBASIC program is faster than our PARI/GP program, however, we cannot use UBASIC on UNIX machines. The authors do not have enough Windows machines, so we mainly used PARI/GP to show Lemma 3.1 and used UBASIC for the other computations.
The inequality at the end of §2 is much stronger than is needed and the theorem could be proved by only S and U . The referee of the paper [8] also pointed out this fact. However, it is considered that the four sets are worth being mentioned as Hagis and Cohen claimed.
Iannucci [11] , [12] showed that the second (resp. third) largest prime factor of an odd perfect number must exceed 10 4 (resp. 10 2 ). He used the bound 10 6 of the largest prime factor, hence the new bound 10 8 is possibly useful to raise the bounds of the second and third largest prime factor.
In order to raise the lower bound to 10 9 , we need much CPU time or a better method. In the case of the bound 10 8 , it was shown that if Φ r (p) is acceptable, then r ≤ 47. Is it possible to eliminate the possibility of 47 < r < 5 · 10 7 without hard computations? The authors consider that a hint is in the paper by Murty and Wong [17] . They showed that if the ABC conjecture is true, then largest prime factors of cyclotomic numbers are large enough in a sense.
